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NSF Grant No. ECS-8719128 
Title: Research in Mixed-Integer Programming 
Principal Investigators: Ellis L. Johnson, Coca-Cola Professor 
George L. Nemhauser, Chandler Professor 
School of Industrial and Systems Eng. 
Georgia Institute of Technology 
Period: 6/1/88 - 5/31/89 - first year of a three-year continuing 
grant. 
I. Scientific Progress 
I.1 Work Completed 
The following studies were started under NSF Grant ECS-
8307473 and completed during the past year. Ph.D. dissertation 
abstracts describing the results are attached and research papers 
are being prepared. 
A. A Constraint Generation Algorithm for Node Packing 
(Gabriele Sigismondi) 
B. An Integer Programming Approach to Edge Coloring 
(Sungsoo Park) 
c. Parallel Algorithms for the Set Covering Problem 
(Russell Rushmeier) 
The results of each of these studies will be used in the 
current project. Sigismondi 's clique and odd hole generation 
techniques can be generalized and applied to mixed-integer 
programs. Park has provided an integer programming algorithm 
that combines constraint and column generation and Rushmeier has 
used parallel processing in decomposition and branch-and-bound. 
!.2 Work in Progress 
A. Prototype Algorithm for Mixed Integer Programming 
We are in the process of designing and coding a modular 
experimental program to solve mixed integer programming 
problems. The code will ultimately include features such as 
automatic efficient formulation, logical testing, decomposition, 
constraint and column generation, flexible branching, and 
parallel processing. 
B. Prototype Problems for Mixed Integer Programming 
We have selected two prototype problems to provide test 
examples of large mixed-integer models on which our ideas and 
examples can be evaluated. One is a clustering problem which can 
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be imagined as partitioning the metropolitan areas of the 
U.S. into a new set of 48 states with the property that the sum 
of the overall distances between the inhabitants within each 
state is'minimized. This generic clustering problem has numerous 
applications in circuit design, location, distribution and 
manufacturing, and information systems. The other is the Steiner 
branching problem which is a multicommodity flow model with 
applications to circuit and other network design problems. Both 
of these problems have several formulations involving tradeoffs 
between a large number of variables versus a large number of 
constraints and ample opportunities for constraint and column 
generation, decomposition and parallel processing. 
c. Forbidden Minor Characterizations in Graphs and Their 
Algorithmic Implications 
The prototype example for this work is the well-known result 
characterizing graphs having no complete subgraph on four nodes 
as a minor as having a series or parallel reduction. Algorithmic 
implications are so numerous that almost every problem is easier 
on graphs without these minors. The focus of the current investi-
gation is to push the results further in order to fill the void 
in such results between series-parallel and planar graphs as well 
as to obtain results for non-planar graphs. 
II. Publications 
1. s. Chopra and E.L. Johnson, "Octahedron Free and Cube Free 
Graphs," January, ' 1989 (submitted to Journal of Graph 
Theory) 
2. G. L. Nemhauser and S. Park, 11~ Polyhedral Approach to Edge 
Coloring, 11 Industrial and Systems Engineering Report No. 
J-89-01, Georgia Institute of Technology, March 1989 
(submitted to Mathematical Programming). 
3. G.L. Nemhauser and L. A. Wolsey, "Integer Programming," 
Industrial and systems Engineering Report No. J-88-17, 
Georgia Institute of Technology, July 1988 (to appear in 
Handbooks in Operations Research and Management Science, 
Vol. 1, Optimization, G.L. Nemhauser, A.H.G. Rinnooy Kan 
and M.J. Todd, eds., North-Holland. 
III. Presentations 
1. E. L. Johnson, "Recent Adva.nces in Preprocessing Techniques 
for Large Mixed-Integer Programming Problems," The 13th 
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International Symposium on Mathematical Programming, Tokyo, 
August 1988, and ORSA/TIMS Joint National Meeting, Denver, 
October 1988 (with T. Ciriani and s. Gliozzi). 
2. G. L. Nemhauser, "A Strong Cutting Plane Algorithm for the 
Node Packing Problem," The 13th International Symposium on 
Mathematical Programming, Tokyo, August 1988 (with G. 
Sigismondi). 
3. G. L. Nemhauser, "Integer Programming Approach to the Edge 
Coloring Problem," ORSA/TIMS Joint National Meeting, 
Denver, October 1988 and Southeastern Meeting on Graph 
Theory and Combinatorics, Boca Raton, ·February, 1989 (with 
S •. Park). 
4. R.A. Rushmeier, "A Comparison of Parallel Methods for the 
Set Covering Problem," ORSA/TIMS/CORS Joint National 
Meeting, Vancouver, May 1989 (with G.L. Nemhauser). 
IV. current Personnel 
Principal Investigators: Ellis A. Johnson and George L. Nemhauser 
Research Associate: Gabriele c. Sigismondi 
Ph.D Students: Heesang Lee, Anuj Mehrotra, Pier Sigismondi, 
Pamela Vance* 
* funded by other sources 
Visiting Scholar: Laurence Wolsey 
V. Budg.et 
It is anticipated that the first year's budget will be fully 
spent by 5/31/89. A request for $158,544 for the second year is 
detailed on the following budget page. 
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March 30, 1990 
Dr. Donald Gross 
Program Director, Operations Research 
National Science Foundation 
1800 G Street, N.W., Rm.1128 
Washington, D.C. 20550 
Dear Don: 
Georgia Institute of Technology 
School of Industrial and Systems Engineering 
Atlanta, Georgia 30332-0205 
(404) 894-2300 1894 - 23°6 
GNEMHAUS@GTRI01.bitnet 
For NSF Grant No. DDM-8719128, enclosed is the abstract and 
progress report for the second year and proposed budget for the 
third year. 
I am a very excited about GT-MIO as a research tool for a 
large community of people. It is generally said that a problem 
with selling OR research is the lack of tangible products. I think 
we have one here that can be of tremendous benefit to other 
researchers who experiment with different approaches of solving 
large-scale MIP's. 
The final year of the project will be especially interesting 





/Ge;~ge- ~- Nemhauser 
Chandler Professor 
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Title: Research in Mixed Integer Programming 
Principal Investigators: Ellis L. Johnson, Coca-Cola Professor 
George L. Nemhauser, Chandler Professor 
School of Industrial and Systems Eng. 
Georgia Institute of Technology 
Period: 6/1/89 - 5/31/90 - Second year of a three-year Grant 
Abstract 
We have completed the initial implementation of a modular 
experimental software system for solving mixed-integer programming 
(MIP) problems. The system is called GT-MIO (Georgia Tech Mixed-
Integer Optimizer). 
The heart of GT-MIO is a linear programming based branch-and-
bound algorithm. It is implemented on top of the CPLEX callable 
library, a software library that provides capabilities to solve and 
modify linear programs and interpret their solutions. 
The design of GT-MIO is based on the philosophy that to solve 
MIPs efficiently one needs to take advantage of the problem 
structure. Therefore, GT-MIO provides entry points that allow an 
application program to enter problem specific knowledge. This 
knowledge can be used to generate primal solutions, strong cutting 
planes and special branching rules. Other features, such as the 
possibility of generating additional variables as in a decomposi-
tion algorithm, are still being implemented. 
We believe that GT-MIO will be widely used by researchers 
working in both methodology and applications of MIP, including 
production, distribution and scheduling. GT-MIO enables the user 
to experiment with different formulations and strategies for 
solving their applications. Since the formulation/strategy set is 
rich and the interactions between the options are complex, GT-MIO 
becomes a tool for doing further research. In addition, there is 
the option of using GT-MIO in its default mode as a general purpose 
MIP solver. 
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Title: Research in Mixed Integer Programming 
Principal Investigators: Ellis L. Johnson, Coca-Cola Professor 
George L. Nemhauser, Chandler Professor 
School of Industrial and Systems Eng. 
Georgia Institute of Technology 
Period: 6/1/89 - 5/31/90 - Second year of a three-year grant 
I. Work in Progress 
A. GT-MIO: A Prototype Algorithm for Mixed-Integer Programming 
We have completed the initial implementation of a modular 
experimental software system for solving mixed-integer programming 
(MIP) problems. The system is called GT-MIO (Georgia Tech Mixed-
Integer Optimizer). Documentation is being prepared and we expect 
to release the code throughout the research community in about three 
months. 
The heart of GT-MIO is a linear programming based branch-and-
bound algorithm. It is implemented on top of the CPLEX callable 
library, a software library that provides capabilities to solve and 
modify linear programs and interpret their solutions. 
The design of GT-MIO is based on the philosophy that to solve 
MIPs efficiently one needs to take advantage of the problem struc-
ture. Therefore, GT-MIO provides entry points that allow an applica-
tion program to enter problem specific knowledge. This knowledge can 
be used to generate primal solutions, strong cutting planes and 
special branching rules. Other features, such as the possibility of 
generating additional variables as in a decomposition algorithm, are 
still being implemented. 
We have selected several classes of prototype problems for which 
we are building the application programs. These include node packing 
(for the purpose of studying a purely combinatorial problem), job 
shop scheduling (for testing different formulations and cutting plane 
procedures), submodular function maximization (for using mixed-
integer programming to provide a unified model for a broad class of 
combinatorial problems), and multicommodity flows, clustering and set 
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We believe that GT-MIO will be widely used by researchers 
working in both methodology and applications of MIP, including 
production, distribution and scheduling. GT-MIO enables the user to 
experiment with different formulations and strategies for solving 
their applications. Since the formulation/strategy set is rich and 
the interactions among the options are complex, GT-MIO becomes a tool 
for doing further research. In addition, there is the option of using 
GT-MIO in its default mode as a general purpose MIP solver. 
B. Graphs and Polyhedral Combinatorics 
Theoretical investigations on some related problems in graphs 
and combinatorics are also in progress. These include Johnson•s work 
with Sunil Chopra and Neil Robertson on the characterization of flat 
graphs and Johnson•s work with Zhang Zhou on a subadditive facet 
description for mixed integer programming based on a master problem 
with infinitely many columns. 
II. Publications 
1. R. Aboudi and G. L. Nemhauser, 11 Some Facets for an Assignment 
problem with Side Constraints, 11 to appear in Operations 
Research. 
2. R. Aboudi and G.L. Nemhauser, 11 An Assignment Problem with Side 
Constraints: strong Cutting Planes and Separation, 11 to appear 
in Economic Decision Making: Games, Econometrics and Optimiza-
tion, J. Gabszewicz, J. F. Richard and L.A. Wolsey ( eds.), North-
Holland, 1990. 
3. s. Chopra, D.L. Jensen and E.L. Johnson, 11 Polyhedra of Regular 
p-nary Group Problems,_ 11 Mathematical Programming, 43, 1-29, 
1989. 
4. G. Cornuejols, G.L. Nemhauser and L.A. Wolsey, 11 The Uncapaci-
tated Facility Location Problem, 11 to appear in Discrete Location 
Theory, R.L. Francis and P. Mirchandini, (eds.), Wiley, 1990. 
5. H. Gan and E.L. Johnson, 11 Four Problems on Graphs with Excluded 
Minors, 11 Mathematical Programming, 45, 311-330, 1989. 
6. E. L. Johnson, 11 0n Binary Group Problems Having the Fulkerson 
Property, 11 in Combinatorial Optimization, B. Simeone (ed.), 
Springer-Verlag, 57-112, 1989. 
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7. G.L. Nemhauser and G. Sigismondi, "A Strong cutting Plane/ 
Branch-and-Bound Algorithm for Node Packing," ISyE Report No. 
J-89-03 (submitted for publication). 
8. G.L. Nemhauser, G. Sigismondi, and P. Vance, "A Characterization 
of the Coefficients in Facet-Defining Lifted Cover Inequali-
ties," ISyE Report No. J-89-06 (submitted for publication). 
9. R. Rushmeier and G. L. Nemhauser, "Performance of Parallel 
Branch-and-Bound Algorithms for the Set Covering Problem," ISyE 
Report No. J-89-02 (submitted for publication). 
10. R. Rushmeier and G. L. Nemhauser, 11 Performance of a Parallel Cost 
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No. J-90-03 (submitted for publication). 
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tion) . 
12. G. Sigismondi, M.W. Savelsbergh and G.L. Nemhauser, "Georgia 
Tech Mixed Integer Optimizer - GT-MIO," (in preparation). 
III. Presentations 
The principal investigators have presented their work on mixed-
integer programming at the following conferences and seminars. 
Conferences: DIMACS Meeting on Combinatorial Optimization (Morris-
town, June, 1989); IBM Europe Summer School on Mathematical Programm-
ing Systems (Partenkirchen, West Germany, July, 1989); ORSA/TIMS 
National Meeting (New York, October, 1989); Oberwolfach Meeting on 
Mathematical Programming (Oberwolfach, West Germany, January, 1990); 
Southeastern Meeting on Graph Theory and Combinatorics (Boca Raton, 
February, 1990), ORSA/TIMS National Meeting (Las Vegas, May, 1990). 
University seminars: Yale (June, 1989); Clemson (September, 1989), 
Northwestern (March, 1990); Waterloo (May, 1990). 
IV. Personnel 
Principal Investigators: Ellis A. Johnson, George L. Nemhauser 
Research Associate: Gabriele c. Sigismondi 




NSF Grant No. DDM-8719128 
Period: 6/1/89 - 5/31/90 
Visiting Scholars: Martin Savelsbergh*, Eindhoven University 
Laurence Wolsey*, University of Louvain 
*funded by other sources. 
v. Budget 
It is anticipated that the second year's budget will be fully 
spent by 5/31/90. A request for $177,675 for the third year is 
detailed on the enclosed budget page. 
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I. summary of completed Work 
A. MINTO: Mixed-Integer optimizer [12] 
We have completed the initial implementation of MINTO, which 
is a modular experimental software system for solving mixed-integer 
programming (MIP) problems. Documentation is being prepared and we 
expect to release the · code throughout the research community in 
about three months. 
The heart of MINTO is a linear programming based branch-and-
bound algorithm. It is implemented on top of the CPLEX callable 
library, a software library that provides capabilities to solve and 
modify linear programs and interpret their solutions. The design 
of MINTO is based on the philosophy that to solve MIPs efficiently 
one needs to take advantage of the problem structure. Therefore, 
MINTO provides entry points that allow an application program to 
enter problem specific knowledge. This knowledge can be used to 
1 
generate primal solutions, strong cutting 
branching rules. Other features, such as 
planes and special 
the possibility of 
generating additional variables, as in a decomposition algorithm, 
are still being implemented. See Sections 2 and 3 of the Project 
Description for a more detailed description of MINTO and plans for 
further developments. 
We have developed application programs for some generic 
problems. These include node packing (for the purpose of developing 
strong preprocessing for MINTO), job shop scheduling (for testing 
different formulations and cutting plane procedures), submodular 
function maximization (for using mixed-integer programming to 
provide a unified model for a broad class of combinatorial 
problems) and clustering (for testing ideas of column generation in 
solving large-scale MIPs). 
We believe that MINTO will be widely used by researchers 
working in both methodology and applications of MIP, including 
production, distribution and scheduling. MINTO enables the user to 
experiment with different formulations and strategies for solving 
their applications. Since the formulation/strategy set is rich and 
the interactions among the options are complex, MINTO becomes a 
tool for doing further research. In addition, there is the option 
of using MINTO in its default mode as a general purpose MIP solver. 
B. Polyhedral Combinatorics: Valid Inequalities and separation 
We have studied several combinatorial optimization problems 
from the polyhedral point of view. We have constructed classes of 
2 
inequalities that contain the convex hull of feasible solutions, 
developed algorithms for finding violated inequalities and 
algorithms for strengthening the violated inequalities. Work of 
this type appears in: 
[1,2] for a constrained assignment problem that was used to model 
a problem in allocating classrooms; 
[9] for maximizing submodular functions, a very general problem 
that includes max cut, facility location and node packing as 
special cases; 
[10] for edge coloring of graphs (covering edges by matchings), a 
problem that was used to study column generation in integer 
programming; 
[11] for 1-machine job shop scheduling, an apparently very 
difficult problem for the polyhedral approach with an excellent 
opportunity to test cut generation procedures; 
[13] for node packing; especially a method for maximum lifting of 
odd-hole inequalities; 
[14] for 0-1 programming; characterization of lifting coefficients 
for cover inequalities. 
c. Polyhedral Results in Integer Programming 
The group problem of integer programming provides a theoreti-
cal base for classifying and studying problems. One special case 
of great interest is the binary group problem. In [7], we relate 
Gomory' s lifting of facets for group problems to Fulkerson's 
blocking polyhedra and minors of binary matroids. The notion of 
3 
forbidden minors provides a mechanism for studying critical 
configuration that lead to fractional solutions of associated 
linear programs. Some of these results are extended in (3] to 
p-nary (for p prime) group problems and in some case to arbitrary 
group problems. There, a sufficient condition is given for the 
Gomory cuts to define the convex hull of integer solutions of the 
group problem. This condition generalizes a known result for 
regular binary matroids where an alternative proof is given. 
In practice, strong linear programming formulations are 
essential for solving hard problems. The paper (8] describes an 
integer programming decomposition approach and indicates its 
application to clustering problems, including graph partitioning. 
The approach involves column generation and a general framework for 
branching is given. 
In [ 17] the Chvatal rounding procedure is extended to a 
procedure for generating all valid inequalities for mixed-integer 
0-1 problems. 
D. Graph Theory 
Work in graph theory has focused on forbidden minor character-
izations and their implications for optimization problems. In (6], 
the four problems considered are: Chinese postman, odd cut, max 
cut, and max odd circuit. These problems are all related to binary 
group problems over graphic or co-graphic matroids, and they 
constitute two blocking pairs of problems. A general framework for 
characterizing graphs with excluded minors by forbidden configura-
4 
tion is presented and for each of the four cases such a character-
ization is given. This approach provides fast algorithms for the 
four problems and easy proofs of the max-flow, min-cut results for 
them. This work is carried further in [4], where graphs with no 
cube or dual cube (octahedron) are characterized by having a 
series-parallel reduction or a degree three node in a triangle. 
The latter configuration can be reduced giving an efficient means 
of recognizing such graphs. 
E. Parallel Computation [18,19] 
In the contexts of the set covering problem, we have done 
empirical studies of how branch-and-bound algorithms should be 
structured in a parallel computation environment. Important 
factors, such as the search and relaxation strategies, require 
different treatment, when many subproblems are processed simulta-
neously. 
F. surveys and Books 
Reference [15], which is both a graduate text and reference on 
integer and combinatorial optimization received ORSA's 1989 
Lanchester· Prize for the outstanding publication of the year. 
References [ 5] and [ 16] are chapters of books on location and 
optimization, respectively. 
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G. Human Resource Development 
Besides the Principal Investigators, Dr. Gabriele c. Sigis-
rnondi was supported half-time during most of the duration of the 
grant in a post-doctoral capacity. Four doctoral students have 
worked under the grant. Heesang Lee received his Ph.D. in March 
1991 and is now on the research staff of Korea Telecommunications. 
Anuj Mehrotra, Pamela Vance, and Erick Wikurn should receive 
doctoral degrees in 1992. 
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1. R. Aboudi and G.L. Nernhauser, "Some Facets for an Assignment 
problem with Side Constraints," to appear in Operations 
Research, 1991. 
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Economic Decision Making: Garnes, Econometrics and Optimiza-
tion, J. Gabszewicz, ~r.F. Richard and L.A. Wolsey (eds.), 
North-Holland, 1990. 
3. s. Chopra, D.L. Jensen and E.L. Johnson, "Polyhedra of Regular 
p-nary Group Problems," Mathematical Programming, 43, 1-29, 
1989. 
4 . S. Chopra and E. L. Johnson, "Octahedron Free and Cube Free 
Graphs," (Preprint, 1990). 
5. G. Cornuejols, G.L. Nernhauser and L.A. Wolsey, "The Uncapaci-
tated Facility Location Problem," in Discrete Location 
Theory, R.L. Francis and P. Mirchandini, (eds.), Wiley, 119-
172 (1990). 
6. H. Gan and E.L. Johnson, "Four Problems on Graphs with Exclud-
ed Minors," Mathematical Programming, 45, 311-330, 1989. 
7. E.L. Johnson, "On Binary Group Problems Having the Fulkerson 
Property," in Combinatorial Optimization, B. Simeone (ed.), 
Springer-Verlag, 57-112, 1989. 
8. E.L. Johnson, " Modeling and Strong Linear Programs for Mixed 
Integer Programming," in Algorithms and Model Formulation in 
6 
Mathematical Programming, NATO ASI Vol. 51, s. Wallace (ed.), 
Springer-Verlag, pp. 3-43, 1989. 
9. H. Lee, "A Polyhedral Approach to Maximizing Submodular 
Functions," Ph. D. Dissertation, Georgia Institute of Tech-
nology, March, 1991. 
10. G. L. Nemhauser and S. Park "A Polyhedral Approach to Edge 
Coloring," ISyE No. J-89-01, to appear in Operations 
Research Letters, 1991. 
11. G.L. Nemhauser and M. Savelsbergh, "A Cutting Plane Algorithm 
for the Single Machine Scheduling Problem with Release Times," 
ISyE No. J-91-05 in Proceedings of NATO Advanced Study 
Institute: "New Frontiers in Theory & Practice of Combina-
torial Optimization", Springer, 1991. 
12. G.L. Nemhauser, M. Savelsbergh and G. Sigismondi, "MINTO: A 
Mixed INTeger Optimizer," in preparation. 
13. G.L. Nemhauser and G. Sigismondi, "A Strong Cutting Plane/ 
Branch-and-Bound Algorithm for Node Packing," ISyE Report No. 
J-89-03, to appear in Operational Research. 
14. G.L. Nemhauser, G. Sigismondi, and P. Vance, "A Characteriza-
tion of the Coefficients in Facet-Defining Lifted Cover 
Inequalities," ISyE Report No. J-89-06 (submitted for publica-
tion). 
15. G. L. Nemhauser and L.A. Wolsey, Integer and Combinatorial 
Optimization, Wiley, 1988. 
16. G.L. Nemhauser and L.A. Wolsey, "Integer Programming," in 
Handbooks in Operations Research and Management Science, 
Vol. 1, Optimization, G.L. Nemhauser, A.H.G. Rinnooy Kan and 
M.J. Todd, eds., pp.447-528, North-Holland, 1991. 
17. G. L. Nemhauser and L.A. Wolsey, "A Recursive Procedure for 
Generating all Cuts for Mixed-Integer Programs," Mathematical 
Programming 46, 379-390, (1990). 
18. R. Rushmeier and G.L. Nemhauser, "Performance of Parallel 
Branch-and-Bound Algorithms for the Set Covering Problem," 
ISyE Report No. J-89-02 (submitted for publication). 
19. R. Rushmeier and G.L. Nemhauser, "Performance of a Parallel 
Cost Splitting Algorithm for the Set Covering Problem," ISyE 
Report No. J-90-03 (submitted for publication). 
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PART II. SUMMARY OF COMPLETED PROJECT 
This project developed algorithms and prototype software for 
solving large-scale mixed-integer programs (MIPs) that arise in 
logistics, production scheduling and resource allocation. A MIP is 
a linear optimization model in which some of the variables are 
required to be equal to 0 or 1. The work is motivated by the 
tremendous demand for efficient and robust MIP software for solving 
problems in these domains. 
The most significant result is the modular, experimental 
software system called MINTO (Mixed-Integer Optimizer). MINTO 
allows a researcher to customize a general mixed-integer 
optimization code through application routines and thereby 
concentrate on problem specific aspects rather than the data 
structures and implementation details of, for instance, linear 
programming and branch-and-bound algorithms. 
MINTO's driver is a linear programming based branch-and-bound 
algorithm. The design of MINTO is based on the philosophy that to 
solve MIPs efficiently one needs to take advantage of the problem 
structure. Therefore, MINTO provides entry points that allow an 
application program to enter problem specific knowledge that can be 
used to generate, for example, primal solutions, strong cutting 
planes and special branching rules. 
We have developed application programs for some generic 
problems. These include distribution, job shop scheduling, 
clustering, node packing and submodular function maximization. We 
believe that MINTO will be widely used by researchers working in 
both methodology and applications of MIP, and we have begun to 
distribute the software at a nominal cost to cover our maintenance. 
The response has been substantial. 
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